LOCAL COHOMOLOGY: ASSOCIATED PRIMES, 
ARTINIANNESS AND ASYMPTOTIC BEHAVIOUR 

^ ; MOHARRAM AGHAPOURNAHR AND LEIF MELKERSSON 

O 

^^ ' Abstract. Let i? be a noetherian ring, a an ideal of R, M an 

i?-niodule and n a non-negative integer. In this paper we first 
will study the finiteness properties of the kernel and the cokernel 
of the natural map / : Ext^(i?/a, M ) — > Homi^(i?/a,H^(M)). 

rsl ' Then we will get some corollaries about the associated primes and 

artinianness of local cohomology modules. Finally we will study 

J- X. the asymptotic behaviour of the kernel and the cokernel of this 

^^ , natural map in the graded case. 
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1. Introduction 

Throughout i? is a commutative noetherian ring. Our terminology 
t^ \ follows the book fSj on local cohomology. Huneke formulated and dis- 

^ ' cussed several problems in [12] about local cohomology modules H^(M) 

pq ■ of M. One of them is when do they have just finitely many associated 

r^ ! prime ideals. Another one is about when such modules are artinian. 

O ' Furthermore the following conjecture was made by Grothendieck in 

o: M\ 

Conjecture: For any ideal a and finite i?-module M, the module 
Hom^(i?/a, ^1{M)) is finite for all n > 0. 
rS \ This was thought of as a substitute for the artinianness of H^(M), 

c^ ■ in the case when a is the maximal ideal of a local ring. Morover the 

finiteness of Homi{(i?/a, H^(M)) implies the finiteness of the set of 
associated prime ideals of H^(M). Although this conjecture is not true 
in general as shown by Hartshorne in ^Tj, there are some attempts 
to show that under some conditions, for some number n, the module 
HomR(i?/a,H;j(M)) is finite, see [H Theorem 3.3], [3 Theorem 6.3.9] 
and [Bl Theorem 2.1]. 
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In section 2, in view of Grothendieck's conjecture and [3, Theorem 
6.3.9], we first study finiteness properties of the kernel and the cokernel 
of the natural honiomorphism 

/ : ExtS(i?/a,M) -^ Hom« (i?/a, H^(M)) 

under certain conditions, using the technique introduced by the second 
author in [H]. We will find some relations between finiteness of the 
associated primes of Ext^{R/a,M) and H^(M) that will give us a 
generalization of [13, Proposition 1.1 part (b)], [2], Lemma 2.5 part (c)] 
and in Proposition 2.2]. Also we show that under certain conditions 
Ext^(i?/a, M) is artinian if and only if Hg(M) is. One of our main 
results of this paper is 
Corollary 2.2. 

(a)//Ext^ •'(-R/a, H-^(M)) = for all j < n, then f is injective. 

(b)//Ext^+^"-''(i?/a,H{(M)) = for all j < n, then f is surjective. 

(c)//Ext^^(i?/a, H^(M)) = /or t = n, n + 1 and for all j < n, then 

f is an isomorphism. 

In section 3 we will study the asymptotic behaviour of the kernel and 
the cokernel of the above mentioned natural map in the graded case. 

2. Associated primes and artinianness 

Proposition 2.1. Let R be a noetherian ring, a an ideal of R and M an 
R-module. Let n he a non-negative integer and S he a Serre suhcategory 
of the category of R-modules i.e. it is closed under taking suhmodules, 
quotients and extensions. Consider the natural homomorphism 

f : Ext^(i?/a, M) -^ RomniR/a, H^(M)) 

(a) //Ext^~"'(-R/a, W^lM)) helongs to S for all j < n, then Ker / helongs 
to S. {In particular z/Ext^~"'(i?/a, H-^(M)) is finite for all j < n, then 
Ker/ is finite.) 

(b) //Ext^+^~^(i?/a,H{(M)) helongs to S for all j < n, then Coker / 
helongs to S. ( In particular z/ Ext^ ~"'(i?/a, H-^(M)) is finite for all 
j < n, then Coker/ is finite.) 

(c) //Ext^-' (i?/a, H-^(M)) helongs to S fort = n,n + l and for all j < n, 
then Ker/ and Coker/ hoth helong to S. Thus Ext^{R/a,M) helongs 
to S if and only z/Hom^(i?/a, H^(M)) helongs to S. {In particular if 
Ext^-'(-R/a, II-^(M)) is finite for t = n,n + 1 and for all j < n then 
Ker/ and Coker/ hoth are finite, thus Ext^{R/a,M) is finite if and 
only z/HomR(i?/a,H^(M)) is finite. {See also Theorem 6.3.9])). 

Proof. By the exact sequence -^ Va{M) ^ M ^ M/Ta{M) ^ we 
obtain the exact sequence (*) below: 
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Extl{R/a,Ta{M)) -^ Ext^(i?/a,M) A Ext^(/2/a, M/r„(M)) -^ 

Extl+\R/a,r,{M)). 

We have the commutative diagram 

Extl{R/a,M) -^ Ext^(i?/a,M/r„(M)) 
/i _ if 

RomR{R/a,}i:{M)) ^ Hom^ (i?/a, H^(M/r„(M))) 

Note that h is an isomorphism. Let g = h"^ o f . Thus f = g o h and 
we obtain the exact sequence 

—>■ Ker /i ^ Ker / — > Ker (7 -^ Coker h —>■ Coker / —>■ Coker g ^ 

Proof of {&): 

For n = 0, since Ext?;(i?/a, M) = HomR(i?/a, r„(M)) thus Ker / = 
and the result is clear. For n > 1 by hypothesis and the exact 
sequence (*), Kerh belongs to S. Therefore it is enough to show that 
Ker g belongs to S. We prove this by induction on n. For n = 1 since 
h is an isomorphism, hence Ker g = Ker / but / is an isomorphism by 
[TH Lemma 7.9]. Assume n > 1 and the case n — 1 is settled. Let E 
be the injective hull of M/T„{M) and set A^ = E/(M/r„(M)). Since 
r„(M/r„(M)) = 0, we have Hom^(i?/a,E) = and r„(E) = 0. Thus 
we get the isomorphisms 

Extii{R/a,N) = Ext'^\R/a,M/Ta{M)) 

and 

ff„(Ar) ^ H;+^(M/r„(M)) = H;+1(M) 

for alH > 0. Therefore 

}iomR{R/a,E^,-\N)) ^ Hom^(i?/a, H^(M)). 

In addition, for all j < n — 1 the modules 

Extl''~\R/a,Ri{N)) = Extl'''\R/a,}ii+\M)) 

belong to S. Now, by the induction hypothesis, the kernel of the natural 
homomorphism 

/' : Extl-\R/a,N) -^ Eomn{R/a,E'',-\N)) 

belongs to S. But Ker/' = Kerg, so Ker g belongs to S. 

Proof o/(b): 

The proof is similar to (a). 
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Proof o/(c): 

It is clear by (a) and (b). D 

The following corollary is one of our main results of this paper. It is 
well-known by using a spectral sequence argument as in [I3l Proposi- 
tion 1.1 (b)] or another method as in [2], Lemma 2.5 (b)] to prove that, 
(when M is a finite module and n = depth^ M) or more generally when 
the local cohomology vanishes below n, for example use [T5l Theorem 
11.3], then the natural map 

/ : ExtS(i?/a,M) -^ Eomn{R/a,K{M)) 

is an isomorphism. In the following corollary we show that without 
any condition on M it is not necessary that these local cohomology 
modules are zero in order that the natural map is an isomorphism. 

Corollary 2.2. 

(a) //Ext^^"'(i?/a, H-^(M)) = for all j < n, then f is injective. 

(b) //Ext^+^"^'(i?/a,H{(M)) = for all j < n, then f is surjective. 

(c) //Ext^"^'(i?/a, H{(M)) = fort = n,n + l and for all j < n, then 
f is an isomorphism. 

Proof. In proposition 12. II set S = {0}. D 

Corollary 2.3. //H*jj(M) = for all i < n {in particular, when M is 
finite and n = depth^^M) then 

Extl{R/a,M) ^ HomR(i?/a,H;'(M)) 

Corollary 2.4. //Ext^"'(i?/a, H{(M)) is artinianfort = n, n + 1 and 
for all j < n, then Ext^(i?/a, M) is artinian if and only z/H^(M) is 
artinian. 

Proof. It is immediate by using [2TT] (c) and [5, Theorem 7.1.2]. D 

Corollary 2.5. 

(a) //Ext^"-'(i?/a,ff„(M)) = for all j < n, then 

AsSij(H;^(M)) C AsSij,(Ext^(i?/a,M)) U AsSij(Coker/). 

(b) //Ext^+^"^(/2/o,H{(M)) = for all] < n, then 

Assh(H^(M)) C Ass^(Ext^(i?/a,M)) U Supp^(Ker/). 

(c) //Ext^^(/?/a, H{(M)) = /or t = n, n + 1 and for all j < n, then 

AssR{Extl{R/a,M)) = Assr(H^(M)). 

For the proof of part (b) in corollary l2.5l we need the following lemma. 
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Lemma 2.6. For any exact sequence N — > L — > T — > of R- 
modules and R-homomorphisms we have 

Assr{T) C Assr{L) U Supp^(Ar) 

Proof. Let p G Ass r{T) \ Supp^(iV) then iVp = 0, so Lp = Tp. Now 
pRp e Assr^ (Tp), hence pRp G Assr^ (Lp), so p G Assr(L). D 

Divaani-Aazar and Mafi introduced in [9j weakly Laskerian modules. 
An i?-niodule M is weakly Laskerian if for any submodule A^ of M 
the quotient M/N has finitely many associated primes. The weakly 
Laskerian modules form a Serre subcategory of the category of R- 
modules. In fact it is the largest Serre subcategory such that each 
module in it has just finitely many associated prime ideals. In the 
following corollary we give some conditions for the finiteness of the 
sets of associated primes of Ext^(-R/a, M) and H^(M) respectively. 

Corollary 2.7. 

(a) // AsSif(H;^(M)) is a finite set and Ext^"^'(/?/a, H{(M)) is weakly 
Laskerian for all j < n { in particular if H-^(M) is weakly Laskerian 
for all j < n), then AsSi{(Ext^(i?/a, M)) is a finite set. {See also (TJ 
Corollary 6.3.11]) 

(b) IfExtliR/a, M) andExe^^-^{R/a, ff„(M)) for all j < n are weakly 
Laskerian {in particular if M and H-^(M) for all j < n are weakly Laske- 
rian), then Ass R{Ii^{M)) is a finite set. {Compare with ^ Corollary 
2.7]) 

Proof Note that Assr{RI{M)) = AssR{}iomR{R/a,B.l{M))). We use 
the exact sequence 

^ Ker / ^ Ext^(i?/a, M) ^ IiomR{R/a, H;^(M)) ^ Coker / ^ 0. 

(a) By 12. II (a), Ker / is weakly Laskerian. 

(b) By l2.1l (b), Coker / is weakly Laskerian. 

D 

3. Asymptotic behaviours 
Assume that R = ^Ri is a homogeneous graded noetherian ring 

i>0 

and M = ^Mj is a graded -R-module. The module M is said to have 

igZ 

(a) the property of asymptotic stablity of associated primes if there 
exists an integer no such that Assijo(M„) = AssRg{MnQ) for all n < uq. 

(b) the property of asymptotic stablity of supports if there exists an 
integer no such that SuppRg{Mn) = Supp^p(M„g) for all n < uq. 
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(c) the property of lameness if Mj = for alH << or else Mj 7^ 
for alH << 0. 

Note that if M has the property of (a) then M has the property 
of (b) and if M has the property of (b) then M is tame i.e. has the 
property of (c). 

Let s be a non-negative integer. In order to refine and complete 
[6l Theorem 4.4] we study the asymptotic behaviour of the kernel and 
cokernel of the natural homomorphism between the graded modules 
Ext^(i?/i?+,M) and Homij(/?/i?+, H^^(M)). For more information 
see also [3]. 

Definition 3.1. A graded module M over a homogeneous graded ring 
R is called asymptotically zero if Mj = for alH << 0. 

All finite graded i?-modules are asymptotically zero. 

Theorem 3.2. Assume that M is a graded R-m,odule and let s he a 
fixed non-negative integer such that the modules 

Ext^"^(i?/i?+,H^^^(M)) an(/Ext^~^+^(i?/i?+,H^^^(M)) , < j < s 

are asymptotically zero {e.g. they might he finite). Then the kernel and 
the cokernel of the natural homomorphism 

f : ExtUR/R+,M) -^ Hom^(i?/i?+,H^^(M)) 

are asymptotically zero. Therefore Ext'l^{R/ R^, M) has one of the 
properties of (a), (6) and (c) if and only z/ Hom/{(i?//?_|_, H^ (M)) 
has. 

Proof. Note that the class of asymptotically zero graded modules is 
Serre subcategory of the category of graded i?-modules and use 12.11 

(c). D 
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